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1.Introduction
Demandquantityforproductsfluctuatesseasonaly,weeklyandbythestatisticalout-
comeofconsumers・arbitrarypurchasing.Theemploymentandschedulingofiregularem-
ployeesisaninexpensivesystemtodealwithfluctuatingdemand.Actualy,enterprises,
pursuingfiercecompetitiononaglobalscale,alocateiregularemployeesinanaimtoreduce
thecostduetothesuperfluoushiringofregularemployeesbecauseoffluctuatingdemand
［1］.Asaresult,presentlyinJapan,thenumberofiregularemployeeshasrisenupto40%
ofthelaborforce.Iregularemploymentisgivingrisetosocialdiferentials,anddiscouraging
youngpeoplefromgetingmaried,amongotherthings.Thehiringandschedulingofregular
employeesisaproperemploymentinenterprises.Onthisnote,asfortheproblemofwhether
theschedulealocationofonlyregularemployeescaneficientlydealwithfluctuatingde-
mand,wewilshowthatthealocationofonlyregularemployeesdoesnotnecessitatea
superfluousnumberofworkerscomparedwiththeuseofiregularemployeesasfilinginthe
demandfluctuation.Forthepurposeofthisstudy,wedefinearegularemployeeasful-time
employeeworkingfivedaysaweek.Aniregularemployeeisdefinedaspart-timeemployee.
Theschedulingofworkershasbeenstudiedtodealwithfluctuatingdemandquantityin
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theliterature.Thealgorithmshavebeendevelopedsubstantialyforthetwocases,i.e.,for（1）
arestrictedsetofdemandrequirementsand（2）thegeneralcasesofarbitrarycyclicdemands.
BakerandMagazinedevelopedtheworkforceschedulingfortherestrictedcasewherede-
mandrequirementsareconstantacrossweekdaysandconstantacrossweekends.Theygave
aformulafortheminimalworkforcesizeandaspecialschedulingalgorithmtoalocatethe
workforcesuchthatthedemandrequirementsaremet［2］.Asforthecaseofschedulingfor
arbitrarycyclicdemands,Bechtoldpresentedaniterationmethodtoalocatetheminimal
numberofful-timeworkersonaseven-dayweekdemandcycle,whilealowingtheworkers
tohavetwoconsecutivedaysofpercycle.Theirmethodhassomearbitrarinessinalocating
workersintheiterationprocedure.Hence,theminimalnumberofworkersisnotdetermined
untiltheendoftheiterationprocedure［3］.BurnsandCarterdeterminedtheworkforcesize,
imposingthreeconstraintsonthelowerbound,i.e.,weekendconstraint,totaldemandcon-
straintandmaximumdailydemandconstraint.Afterthedeterminationoftheworkforcesize,
theygotothesecondproceduretoscheduletheworkforceforoperation［4］.Now,various
typesofsoftwareareavailablesuchthatworkforceschedulingisworkedoutevenunder
complicatedschedulingconstraints.Anyofthesealgorithmsdonothaveauniversalframe-
worktodeterminetheminimalnumberofworkersandtheschedulessimultaneouslywhich
canbeimplementedonamanualbasisforanyarbitrarycyclicdemand.Thedevelopmentof
algorithmsisnecessarytoinventanewtechnologyforfuturesoftware.
Inthepresentpaper,weproposeanewalgorithmtodeterminetheminimalnumberof
employeestodealwiththeweeklyfluctuatingdemandquantity.Theadvantageofthepresent
algorithmistohaveageneralframeworkofschedulingtodeterminetheminimalnumberof
employeesandtheirschedulesforanyarbitrarycyclicdemand.Thisalgorithm,whichis
basedonmathematicalintegerlinearprogramming,isappliedtothecomparisonbetweenthe
minimalnumbersofemployeesrequiredinthetwoLaborAlocationModels,i.e.,Modela:
thehiringofonlyregularemployees,andModelb:thehiringofbothregularandiregular
employees.Thepresentalgorithmformulatesaframeworktodeterminetheminimalnumbers
ofemployeessymmetricalyinthetwoModels.Thisalgorithmcanbeimplementedona
manualbasis.Hence,wedeterminegeneralytheminimalnumberofemployeesforany
arbitrarycyclicdemand.
2.ScheduleAlocationofEmployeesoptimizedtoDealwith
FluctuatingDemand
Inordertodiscusstheproblemofwhethertheschedulealocationofonlyregularem-
ployeescaneficientlydealwithfluctuatingdemand,wewildeterminetheminimalnumbers
ofemployeesnecessaryfortheworkoperationsuchthatthefolowingconstraintsaresatis-
fied:
a） Theenterpriseoperatestheirmanufacturingactivityfor7daysaweek,includingthe
weekend.
b） Anexampleofthenumberofworkersrequiredforworkingonanygivendayofthe
weekisgiveninTable1.Theunevendistributionoftherequirednumberofem-
ployeesondaysoftheweekisamathematicalmodelstandingforweeklyfluctua-
tionofdemandquantity.Thepresentalgorithmdeterminestheoptimalnumbersof
workersforanyothercasesofarbitrarycyclicdemands,aswilbeshownlater.
c） Theregularemployeesworkforfiveconsecutivedaysaweek.
d） Theregularemployeesaredividedinto7groups.Eachagroupstartsworkingon
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agivendayoftheweek.
e） Theenterprisemayemployiregularworkerstoworkonthedayswhichtheenter-
prisedecidesoftheirownaccord.
WewilcomparethenecessarynumbersofworkersbetweenthefolowingtwoLabor
AlocationModelsinordertostudytheeficiencyofregularemploymenttodealwiththe
fluctuatingdemand:
LaborAlocationModela:Onlyregularemployeesarealocatedtosatisfythenumberof
workersrequiredonanygivendayoftheweekshowninTable1.Thenumberofemployees
shouldbeminimized.
LaborAlocationModelb:Regularandiregularemployeesarealocatedtomeetthenumber
ofworkersrequiredonanygivendayoftheweekinTable1.Thenumberofiregularem-
ployeesisminimized.
InSubsections1）and2）,wewildeterminethenumberofemployeesnecessaryinLabor
AlocationModelsaandb,respectively.
1） LaborAlocationModela
IntheModela［5］,moreemployeesthanthenumberrequiredonadayoftheweekin
Table1shouldbesuppliedbyfivegroupsofregularemployees.Hence,thefolowingcou-
pledinequalitiesaresetup:
whereanon-negativeintegerxistandsforthenumberofregularemployeesinthegroupwho
startworkingondayioftheweek.Orderingthedaysoftheweekintheorderstartingwith
Monday,weexpressMondayasi・1,Tuesdayasi・2andsoon.
Usingthemathematicalintegerlinearprogrammingmethod,wewilminimizethetotal
numberoftheregularemployees,
subjecttotheinequalitycondition（1）expressedintermsofnon-negativeintegersxi.
Asafirststepfortheoptimization,supposingthatthenumberofemployeesrequiredon
adayoftheweekinTable1ismetbysupplyingfivegroupsofregularemployees,wesolve
thefolowingcoupledequationstoestimatethenumberofemployeesineachgroup:
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Table1 Thenumberofemployeesrequiredforworkingonanygivendayoftheweek
M Tu W Th F Sa Su
17 13 15 19 14 16 11
x1 ・x4・x5・x6・x7・17,
x1・x2 ・x5・x6・x7・13,
x1・x2・x3 ・x6・x7・15,
x1・x2・x3・x4 ・x7・19,
x1・x2・x3・x4・x5 ・14,
x2・x3・x4・x5・x6 ・16,
x3・x4・x5・x6・x7・11,
・1・
z・ x1・x2・x3・x4・x5・x6・x7,
whereajistherequirednumberofworkersondayjoftheweekinTable1.Thesolutionof
theabovecoupledequationsis
Theestimatednumbersx3・・2andx5・・4intheabovesolutionarenotacceptablefor
theworkersingroupsi・3and5.Thelowestcomponentx5・・4ofthesolution（3）is
denotedasthemostsingular.Thesingularityoftheestimatedx5isoriginatedfromthesmal-
esttripleta5・14,a7・11anda2・13ofthenumbersofemployeesrequiredforworking
oneveryotherdayoftheweekinTable1.Inanygeneralcaseofarbitrarycyclicdemands,
thelowestofxi・s（suchasx5inthepresentcase）inthesolution（3）ofthecoupledequations
determinestheoptimumnumberofemployeesaswilbeshownlater.
Asforthecoupledinequalities（1）,assigningcjasthenumberofsupplementary（slack）
employeesondayjoftheweek,wereplacethecoupledinequalitiesbythefolowingcoupled
equations:
wherethenumbercjofsupplementaryworkersshouldbenon-negativeintegers.Intermsof
thenumbersxioftheworkersingroupi,thesumofcj・sisexpressedas
withapositiveintegern.
Nowwestarttominimizethenumberoftheemployees,
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x1 ・x4・x5・x6・x7・ a1・17,
x1・x2 ・x5・x6・x7・ a2・13,
x1・x2・x3 ・x6・x7・ a3・15,
x1・x2・x3・x4 ・x7・ a4・19,
x1・x2・x3・x4・x5 ・ a5・14,
x2・x3・x4・x5・x6 ・ a6・16,
x3・x4・x5・x6・x7・ a7・11,
・2・
x1・3・5・a1・a3・a5・・2・5・a7・a2・a4・a6・・4,
x2・3・5・a2・a4・a6・・2・5・a1・a3・a5・a7・・6,
x3・3・5・a3・a5・a7・・2・5・a2・a4・a6・a1・・・2,
x4・3・5・a4・a6・a1・・2・5・a3・a5・a7・a2・・10,
x5・3・5・a5・a7・a2・・2・5・a4・a6・a1・a3・・・4,
x6・3・5・a6・a1・a3・・2・5・a5・a7・a2・a4・・6,
x7・3・5・a7・a2・a4・・2・5・a6・a1・a3・a5・・1,
・3・
x1 ・x4・x5・x6・x7・17・c1,
x1・x2 ・x5・x6・x7・13・c2,
x1・x2・x3 ・x6・x7・15・c3,
x1・x2・x3・x4 ・x7・19・c4,
x1・x2・x3・x4・x5 ・14・c5,
x2・x3・x4・x5・x6 ・16・c6,
x3・x4・x5・x6・x7・11・c7,
・4・
c1・c2・c3・c4・c5・c6・c7
・5・x1・x2・x3・x4・x5・x6・x7・21・
・5n・0 ・5・
z・ x1・x2・x3・x4・x5・x6・x7,
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i.e.,thesumofcj・s,subjecttotheconditionofequations（4）expressedintermsofnon-
negativeintegersxi.Thesolutionofthecoupledequations（4）is
wherethesupplementarytermscjarenecessarytomakethecomponentx5non-negativethat
wasthemostsingularinthesolution（3）.Thenon-negativeintegerconstraintofx5restricts
thevaluesofthecj・ssothat
whichrequires
Hence,
Owingtotherelationshipof（5）and（8）,theoptimizationrequirementthatthenumberof
employeesisminimizedissatisfiedbysetingthesumofcj・s
withn・2.Therefore,Eq.（5）leadstotheminimalnumberofregularemployees
Theseresultsindicatethatthesumoftherequirednumbersofworkerson7daysofthe
weekinTable1is105.Sinceregularemployeesworkon5daysaweek,regularworkersof
105・5・21arerequiredattheleast.Inadditiontothe21workers,however,Eq.（9）shows
thatsupplementaryn・2workersarenecessary.Therefore,totaly23regularemployeesare
necessary.
Thenon-negativeintegersx3,x5andx7inthesolution（6）ofthecoupledequations
restrictthevaluesofthesupplementaryvariablescj.Thenon-negativeinteger,
whichrequires
Similarly,x5・0andx7・0requirerespectively
and
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x1・ 4・3・5・c1・c3・c5・・2・5・c7・c2・c4・c6・,
x2・ 6・3・5・c2・c4・c6・・2・5・c1・c3・c5・c7・,
x3・・2・3・5・c3・c5・c7・・2・5・c2・c4・c6・c1・,
x4・ 10・3・5・c4・c6・c1・・2・5・c3・c5・c7・c2・,
x5・・4・3・5・c5・c7・c2・・2・5・c4・c6・c1・c3・,
x6・ 6・3・5・c6・c1・c3・・2・5・c5・c7・c2・c4・,
x7・ 1・3・5・c7・c2・c4・・2・5・c6・c1・c3・c5・,
・6・
x5・・4・3・5・c5・c7・c2・・2・5・c4・c6・c1・c3・・0, ・7・
c5・c7・c2・4・5・3・2・3・c4・c6・c1・c3・・4・5・3.
c1・c2・c3・c4・c5・c6・c7・4・5・3・6.66. ・8・
c1・c2・c3・c4・c5・c6・c7・5n・10 ・9・
x1・x2・x3・x4・x5・x6・x7
・21・1・5・c1・c2・c3・c4・c5・c6・c7・
・21・n・21・2・23.
x3・・2・3・5・c3・c5・c7・・2・5・c2・c4・c6・c1・
・・2・3・10・5・・c2・c4・c6・c1・・0,
c2・c4・c6・c1・4. ・10・
c4・c6・c1・c3・2, ・11・
Thecombinationofconstraints（9）（12）yieldstheredundantsolutionsofthecoupled
equations（4）.Oneexampleoftheoptimizedschedulesof23regularemployeesisshownin
Table2.
Thepresentalgorithmtodeterminetheminimalnumberofregularemployeesisapplica-
bletoanyarbitrarycyclicdemandfluctuation.Ifacyclicdemandfluctuationyieldsalowest
componentxi・・sinthesolution（3）,theminimalnumberofregularemployeesisdeter-
minedtobetheupperintegerpartofN・5・s・3,whereNisthetotalnumberofemployees
requiredonsevendaysaweekforthecyclicdemands.
2） LaborAlocationModelb
IntheModelb,thesumofthenumbersofregularandiregularemployeesisminimized.
Sinceiregularemployeesarehiredbytheenterprisedecisiontodealwiththedemandfluctua-
tion,theoptimizednumberofemployeesworkingonadayoftheweekcanbeequaltothe
requirednumberofemployeesinTable1.Therefore,wesetupthefolowingcoupledequa-
tionsforthenumbersofregularandiregularemployeesrequiredonadayoftheweek:
wherebjstandsforthenumberofiregularemployeesworkingondayjoftheweek.Interms
ofthenumberxioftheregularemployeesingroupi,thesumofbj・sisexpressedas
withapositiveintegern.
Usingthemathematicalintegerlinearprogrammingmethod,wewilminimizethenum-
berofiregularemployees,
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c6・c1・c3・c5・7. ・12・
Table2 A.Thenumberxiofregularemployeesingroupi,andB.Thenumberofemploy-
eesworkingonadayoftheweekinLaborAlocationModelaareshown.
A
Group 1 2 3 4 5 6 7
No.RegularEmployees 3 5 1 6 1 3 4
B
DayofWeek M Tu W Th F Sa Su
No.RegularEmployees 17 16 16 19 16 16 15
x1 ・x4・x5・x6・x7・b1・17,
x1・x2 ・x5・x6・x7・b2・13,
x1・x2・x3 ・x6・x7・b3・15,
x1・x2・x3・x4 ・x7・b4・19,
x1・x2・x3・x4・x5 ・b5・14,
x2・x3・x4・x5・x6 ・b6・16,
x3・x4・x5・x6・x7・b7・11,
・13・
b1・b2・b3・b4・b5・b6・b7
・・5・x1・x2・x3・x4・x5・x6・x7・21・
・5n・0 ・14・
z・ b1・b2・b3・b4・b5・b6・b7,
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subjecttotheconditionofthecoupledequations（13）expressedintermsofnon-negative
integersxiandbj.TheoptimizationofziscariedoutinawaysymmetrictothatinSubsec-
tion1）.
Thesolutionofthecoupledequations（13）is
wherethecomponentx5thatwasthelowestinthesolution（3）shouldbenon-negative.
Therefore,
whichrequires
Hence,
Owingtotherelationshipof（14）and（17）,thenumberofiregularemployeesisminimized
bysetingthesumofbj・s,
withn・2.Therefore,Eq.（14）leadstotheoptimumnumberofregularemployees,
Theseresultsindicatethat10iregularemployee-daysand19regularemployeesareneces-
sary.
Thenon-negativeintegersx1,x3,x5andx7inthesolution（15）ofthecoupledequations
restrictthevaluesofthesupplementaryvariablesbj.Thenon-negativeinteger,
whichrequires
Similarly,x3・0,x5・0andx7・0requirerespectively
and
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x1・ 4・2・5・b7・b2・b4・b6・・3・5・b1・b3・b5・,
x2・ 6・2・5・b1・b3・b5・b7・・3・5・b2・b4・b6・,
x3・・2・2・5・b2・b4・b6・b1・・3・5・b3・b5・b7・,
x4・ 10・2・5・b3・b5・b7・b2・・3・5・b4・b6・b1・,
x5・・4・2・5・b4・b6・b1・b3・・3・5・b5・b7・b2・,
x6・ 6・2・5・b5・b7・b2・b4・・3・5・b6・b1・b3・,
x7・ 1・2・5・b6・b1・b3・b5・・3・5・b7・b2・b4・,
・15・
x5・・4・2・5・b4・b6・b1・b3・・3・5・b5・b7・b2・・0, ・16・
b4・b6・b1・b3・4・5・2・3・2・b5・b7・b2・・4・5・2.
b1・b2・b3・b4・b5・b6・b7・4・5・2・10. ・17・
b1・b2・b3・b4・b5・b6・b7・5n・10 ・18・
x1・x2・x3・x4・x5・x6・x7
・21・1・5・b1・b2・b3・b4・b5・b6・b7・
・21・n・21・2・19.
x1・4・2・5・b7・b2・b4・b6・・3・5・b1・b3・b5・
・4・2・10・5・・b1・b3・b5・・0,
b1・b3・b5・8. ・19・
b3・b5・b7・2, ・20・
b5・b7・b2・0, ・21・
Thecombinationofconstraints（18）（22）yieldstheredundantsolutionsbj・sforthe
optimizednumberofworkers.Weobtainedanoptimumsolutionthat3iregularemployees
arenecessaryinadditionto19regularemployees.2iregularemployeesworkfor3daysa
weekandanother1worksfor4days.Oneexampleoftheoptimumnumbersoftheregular
employeesingroups,andoftheregularandiregularemployeesworkingonadayoftheweek
areshowninTable3.
WehaveseenthatLaborAlocationModelarequires23employeesandModelb22
employees.Thealocationofonlyregularemployeesdoesnotnecessitateasuperfluous
numberofworkerscomparedwiththecaseofusingiregularemployees.
Thepresentalgorithmisapplicabletodeterminetheminimalvalueofemployee-daysof
iregularemployeesforanyarbitrarycyclicdemandfluctuation.Ifthelowestcomponentof
thesolution（3）ofthecoupledequationsisxi・・s,theminimalvalueofiregularem-
ployee-daysisdeterminedtobeN・5・N・5・s・2・,whereNisthetotalnumberofemploy-
eesrequiredonsevendaysaweekforthecyclicdemandsand・x・isthelowerintegerpart
ofx.Theoptimumnumberofregularemployeesis・N・5・s・2・.
3.ConcludingRemarks
Wehavepresentedanewalgorithmtodeterminetheminimalnumberofemployees
necessarytodealwiththefluctuationofdemandquantity.Byoptimizingthenumbersof
employeesnecessaryintheLaborAlocationModelsaandb,wehavefoundthattheschedule
alocationofonlyregularemployeesdoesnotnecessitateasuperfluousnumberofworkers
comparedwiththecaseofusingiregularemployeesasfilinginthedemandfluctuation.The
presentalgorithmcanbeappliedtogeneralcasesofdemandfluctuation,whateverthefluctua-
tioncycleis.Hence,itisapplicabletothecasesofdemandquantityfluctuatingseasonaly.
Intheapplicationtoanycase,thereaderwilobtaintheoptimizednumberofemployeesfrom
Eq.・s（8）and（17）.Thegeneralstructureofthepresentalgorithmshowsthattheminimal
numbersofemployeesarealmostequaltoeachotherbetweenthetwoLaborAlocation
Models.Thisalgorithmmaybeapplicabletonon-cyclicdemandfluctuation.Eveninthe
extendedcases,theenterprisecanalocateemployeesbypredictingthefluctuationpaternof
demandquantityineachaperiod［6］.
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Table3 A.Thenumberofregularemployeesinagroup,andB.Thenumbersofregularand
irregularemployeesworkingonadayoftheweekinLaborAlocationModelbare
shown.
A
Group 1 2 3 4 5 6 7
No.RegularEmployees 4 4 1 5 0 3 2
B
DayofWeek M Tu W Th F Sa Su
No.RegularEmployees 14 13 14 16 14 13 11
No.IregularEmployees 3 0 1 3 0 3 0
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Itisconcludedthatregularemploymentcandealwithfluctuatingdemandaseficiently
asiregularemployment.Thisconclusionmaysuggestahintforenterprisemanagerstotake
asteptopromotetheproperemployment,i.e.,thealocationofregularemployees,which
wouldgetridofthesocialdiferentialsandencourageyoungpeopletogetmariedwithout
fearingunstableemployment.
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